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gravity with A 7^ 1 



O 

(N 

Oh: 

< 

in 



Yongqing Huan^] and Anzhong Wan^| 
GCAP-CASPER, Physics Department, Baylor University, Waco, TX 76798-7316, USA 

(Dated: April 6, 2011) 

In this paper, we investigate three important issues: stability, ghost and strong coupling, in the 
Horava-Melby-Thompson setup of the Horava-Lifshitz theory with A ^ 1, generalized recently by da 
Silva. We first develop the general linear scalar perturbations of the Friedmann-Robertson- Walker 
(FRW) universe with arbitrary spatial curvature, and find that an immediate by-product of the setup 
is that, in all the inflationary models described by a scalar field, the FRW universe is necessarily 
fiat. Applying them to the case of the Minkowski background, we find that it is stable, and, similar 
to the case A = 1, the spin-0 graviton is eliminated. The vector perturbations vanish identically in 
the Minkowski background. Thus, similar to general relativity, a free gravitational field in this setup 
is completely described by a spin-2 massless graviton even with A / 1. We also study the ghost 
problem in the FRW background, and find explicitly the ghost-free conditions. To study the strong 
coupling problem, we consider two different kinds of spacetimes all with the presence of matter, 
one is cosmological and the one is static. We find that the coupling becomes strong for a process 
with energy higher than M p ;|c^,| 5//2 in the fiat FRW background, and M p i\c^,\ 3 in a static weak 
gravitational field, where \c$\ = |(1 — A)/(3A — 1)| 1//2 . 
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I. INTRODUCTION 

Recently, Horava proposed a quantum gravity theory 
1], motivated by the Lifshitz theory in solid state physics 
2|. The Horava-Lifshitz (HL) theory is based on the 
perspective that Lorentz symmetry should appear as an 
emergent symmetry at long distances, but can be fun- 
damentally absent at high energies 0]. Along this vein 
of thinking, Horava considered systems whose scaling 
at short distances exhibits a strong anisotropy between 
space and time, 



tx., t -> £ z t, 



(1.1) 



where z > 3, in order for the theory to be power- 
counting renormalizable in (3 + l)-dimensional space- 
times [4|. At low energies, high-order curvature correc- 
tions become negligible, and the theory is expected to 
flow to z = 1, whereby the Lorentz invariance is "acci- 
dentally restored." Such an anisotropy between time and 
space can be easily realized when one writes the metric 
in the Arnowitt-Deser-Misner (ADM) form 

ds 2 = -N 2 c 2 dt 2 + g tj {dx l + N l dt) (dx 3 + N 3 dt) , 

(t, j = 1,2,3). (1.2) 

Under the rescaling (ll.ip with Z — ■ 3 . 3i condition we 
shall assume in this paper, the lapse function N , the 
shift vector N l , and the 3-metric scale as, 



N -> N, N l ->• r 2 N l 



9ij r 9ij- 



(1.3) 
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The gauge symmetry of the theory is the foliation- 
preserving diffeomorphism, 



t = t-f(t), I'W-Cftx), 



(1.4) 



often denoted by Diff(A/, J 7 ), for which N, N 1 and 
transform as 

SN = ( k V k N + Nf + Nf, 

SNi = NkV^+^VkNt + g^ + ^f + Nj, 

S9ij = V<0+V^i + /S« s (1-5) 

where / = df/dt, Vj denotes the covariant derivative 
with respect to the 3-metric gij, iVj = gikN k , and Sgij = 
gij (t,x k ) — gij (t,x k ), etc. From these expressions one 
can see that N and N l play the role of gauge fields of 
the Diff(A/, F) symmetry. Therefore, it is natural to 
assume that N and N l inherit the same dependence on 
spacetime as the corresponding generators, that is, 



N = N(t), N i = N i (t,x). 



(1.6) 
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It is clear that this is preserved by Diff(M, J 7 ), and usu- 
ally referred to as the projectability condition (Note that 
the dynamical variables in general depend on both 
time and space, g^ — gijit, x).). 

Due to the restricted diffcomorphisms ()1.4[) . one more 
degree of freedom appears in the gravitational sector - 
a spin-0 graviton. This is potentially dangerous, and 
needs to decouple in the IR, in order to be consistent 
with observations. Whether this is possible or not is still 
an open question In particular, it was shown that 
the spin-0 mode is not stable in the original version of 
the HL theory |l[ as well as in the Sotiriou, Visser and 
Weinfurtner (SVW) generalization But, these in- 

stabilities were all found in the Minkowski background. 
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In the de Sitter spacetime, it was shown that it is sta- 
ble [l(|. So. one may take the latter as its legitimate 
backgroun d However, the strong coupling problem 
still exists |12l . 1 1 31 ] , although it might be circumvented by 
the Vainshtein mechanism [l4| , as recently showed in the 
spherical static [f| and cosmological [HJ spacetimes. 

To cure the above problems, various versions of the 
theory were proposed recently [15lll6j|. In particular, Ho- 
rava and Melby- Thompson (HMT) showed that one can 
eliminate the spin-0 graviton by introducing two auxil- 
iary fields, the U(l) gauge field A and the Newtonian 
pre-potentail ip, by extending the Diff(A/, J-) symmetry 
to include a local U(l) symmetry pj}, 

C/(l) k Diff(M, T). (1.7) 

Under this extended symmetry, the special status of time 
maintains, so that the anisotropic scaling (jl.l[) with z > 1 
is still realized, whereby the UV behavior of the theory 
can be considerably improved. Under the local U(l) sym- 
metry, the gravitational and gauge fields transform as 

S a A — a — N l Via, S a ip = —a, 
5 a Ni = JW.-a, 8 a9ij = - 5 a N, (1.8) 

where a is the generator of the local U(l) gauge symme- 
try. Under the Diff(Af, J 7 ), A and <p transform as, 

5 A = C l V^ + /A + /i, 

8<p = fy + CVup. (1.9) 

For details, we refer readers to (T3, EH- 

As shown explicitly in (T^], the U(l) symmetry per- 
tains specifically to the case A = 1, where A is a coupling 
constant that characterizes the deviation of the kinetic 
part of action from the corresponding one given in gen- 
eral relativity (GR). It is exactly because of this deviation 
that causes all the problems, including ghost, instability 
and strong coupling. Therefore, it was considered as a 
remarkable feature of this nonrelativistic general covari- 
ant theory, in which A is forced to be one. However, this 
claim was soon challenged by da Silva [2(j, who argued 
that the introduction of the Newtonian pre-potential is 
so powerful that action with A / 1 also has the U(l) 
symmetry . 

Once the coupling constant A can be different from 
one, the issues of instability, ghost and strong coupling 
plagued in other versions of the HL theory all rise again. 
In this paper, we investigate these important questions 
in detail in the framework of da Silva's generalization of 
the HMT setup. Specifically, in Sec. II we briefly re- 
view the theory by presenting all the field equations and 



It should be noted that even in the tree level we could have 
A = 1, it is still subjected to quantum corrections. This is in 
contrast to the relativistic case, where A = 1 is protected by the 
Lorentz symmetry, = x^(t,-x), (p, = 0,1,2,3), even in the 
quantum level. 



conservation laws when matter is present. In Sec. Ill 
we study the Friedmann-Robcrtson- Walker (FRW) uni- 
verse with any given spatial curvature, and derive the 
generalized Friedmann equation and conservation law of 
energy. An immediate by-product of the setup is that, 
in all the inflationary models described by a scalar field, 
the FRW universe is necessarily flat. In Sec. IV, we 
develop the general formulas for the linear scalar pertur- 
bations of the FRW universe. Applying these formulas 
to the Minkowski background in Sec.V, we study the sta- 
bility problem, and show explicitly that it is stable and 
the spin-0 graviton is eliminated even for A ^ 1. This 
conclusion is the same as that obtained by da Silva for 
the maximal symmetric spacetimes with detailed balance 
condition, in which the Minkowski spacetime is not a so- 
lution of the theory 20]. In Sec. VI, we study the ghost 
and strong coupling problems, and derive the ghost-frcc 
conditions in terms of A. To study the strong coupling 
problem, we consider two different kinds of spacetimes all 
filled with matter 2 : (a) spacetimes in which the flat FRW 
universe can be considered as their zero-order approxi- 
mations; and (b) spherical statics spacetimes in which 
the Minkowski spacetime can be considered as their zero- 
order approximations. We find that the strong coupling 
problem indeed exists in both kinds of spacetimes. It 
should be noted that strong coupling itself is not a prob- 
lem, as long as the theory is consistent with observations. 
In fact, several well-known theories are strong coupling 
[23 | . Interestingly enough, the strong coupling in the 
Dvali-Gabadadze-Porrati braneworld model even helps 
to screen the spin-0 mode so that the models are consis- 
tent with solar system tests [23]. Finally, in Sec. VII we 
present our main conclusions and discussing remarks. An 
appendix is also included, in which, among other things, 
the kinetic part of the action and coupling coefficients 
are given. 

Before proceeding further, we would like to note that 
in [lH we studied the HMT setup where A = 1. In addi- 
tion, static spacetimes were also studied recently [H, [2f| , 
while its Hamiltonian structure and some possible gener- 
alizations were investigated in [2l| . In all of these inves- 
tigations A = 1 was assumed. Thus, in this paper we are 
mainly concerned with A =/= 1. 



2 Note that, to count the number of the degrees of the propagat- 
ing gravitational modes, one needs to consider free gravitational 
fields. Another way to count the degrees of the freedom is to 
study the structure of the Hamiltonian constraints [HIHI]. On 
the other hand, to study the ghost and strong coupling problems, 
one needs to consider the cases in which the gravitational per- 
turbations arc different from zero. In this paper, this is realized 
by the presence of matter fields. That is, it is the matter that 
produces the gravitational perturbations. Clearly, this does not 
contradict to the conclusion that the spin-0 mode is eliminated 
in such a setup. A similar situation also happens in GR, in which 
gravitational scalar perturbations of the FRW universe in gen- 
eral do not vanish, although the only degrees of the freedom of 
the gravitational sector are the spin-2 massless gravitons. 
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Moreover, cosmology and black hole physics in other 
versions of the HL theory have been intensively studied 
recently, and it becomes very difficult to review all those 
important works here. Instead, we simply refer readers 
to |1 M, M, SI] for detail. 



II. NONRELATIVISITC GENERAL 
COVARIANT HL THEORY WITH ANY A 

For any given coupling constant A, the total action can 
be written as [H 0, Si| , 

S = C 2 J dtd 3 xN^/g(c K - C v + C v + C A + C x 



+C 2 C M ) , 

where g = det gij , and 

C K = K i:j KV-\K 2 , 

C v = ,;i;"(2A„ • V,V. ,,;). 

Ca = ^(2K a -R), 

C x = (1 - A)[(VV) 2 +2KV 2 <p 



(2.1) 



(2.2) 



Here A g is a coupling constant, and the Ricci and Ric- 
mann terms all refer to the three-metric gij , and 



1 

2N 



{—9ij + V<iV 3 - + VjiVj) 



(2.3) 



Cm is the matter Lagrangian density, which in gen- 
eral is a function of all the dynamical variables, U(l) 
gauge field, and the Newtonian prepotential, i.e., Cm = 
Cm(N, Ni, g^, ip, A; x)> where \ denotes collectively 
the matter fields. Cy is an arbitrary Diff(£)-invariant 
local scalar functional built out of the spatial metric, its 
Riemann tensor and spatial covariant derivatives, with- 
out the use of time derivatives. 

Note the difference between the notations used here 
and the ones used in [13, S3] 3 . In this paper, without 
further explanations, we shall use directly the notations 
and conventions defined in || and [H[ , which will be re- 
ferred, respectively, to as Paper I and Paper II. However, 
in order to have the present paper as independent as pos- 
sible, it is difficult to avoid repeating the same materials, 
although we shall try to limit it to its minimum. 

In [Tj, by assuming that the highest order derivatives 
are six, the minimum in order to have the theory to be 



-kE mt , A a = n HMT , v 



In particular, we have Kij — , , 
—v HMT ,Qij = S^ MT , where quantities with the super-indice 
"HMT" are those used in [l7ll20|. 



power-counting renormalizable [4[, and that the theory 
preserves the parity, SVW constructed the most general 
form of Cy, 

Cv = ( 2 g Q + 9iR + ^(92R 2 +g3R l jR lJ ) 



i (g.ir + g 5 R RijRV + g 6 R)RlRf) 

g 7 RV 2 R + g s (ViR jk ) (V*iP*) 1 , (2.4) 



C 
1 



where the coupling constants g s (s = 0, 1, 2, . . . 8) are all 
dimensionless. The relativistic limit in the IR requires 
gi = -1 and C 2 = l/(16rrG) 0. 

Then, it can be shown that the Hamiltonian and mo- 
mentum constraints are given respectively by, 



c K + c v - <pg ij ViVjV - (i - a) (v 2 <p) 

= 8nG J cPx^/gJ*, (2.5) 



where 



ipQij - (l - X)g tj V 2 ip 



Jt ^ 2 S(NC M ) 



8irGJi 



(2.6) 



Ji 



K 

-N 



SN ' 
ij + XKgij, 

SC M 
SN 1 ' 



(2.7) 



Variation of the action (|2.ip with respect to (p and A 
yield, respectively, 



g tJ (K tj + ViVjv) + (i - a) v 2 (k + vV 



= 8irGJ, 



R-2A g = 8ttGJ a , 



where 



J ^3 



5 Cm r _J{NC M ) 
J A = 2- 



(2.8) 
(2.9) 



(2.10) 



Stp ' " SA 

On the other hand, the dynamical equations now read 

1 f 



y/g 7r ij - ipG ij - (1 - X)g ij V 2 cp 



-2 (K 2 ) lJ + 2XKK ij 



— V fe 

N k 



N k 7r ij - 2tt^ 1 N^ 
- 2(1 - A) \(K + VV) V 4 V 3 V + K l ' J \7 2 tp 
+ (1 - A) fev^ - g ij V k F% 



-[C K + C v + C A + C x )g l 



8irGT lj , 



(2.11) 
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where (K 2 ) lJ = K il K{, f {ij) = (f iS + fa) /2, and 
pij s ' 5 ±^=± gsC » { F s f, 



n=l 



s=0 



AH 



AR lj - [V^ - g lj V 2 )A 



(2.12) 



with n s = (2,0,-2,-2,-4,-4,-4,-4,-4). The stress 
3-tensor r 1 - 7 is defined as 



2 S(^gC M ) 



(2.13) 



and the geometric 3-tensors {F s )^ and % are given 
in Paper II. 

The matter components (J 4 , J\ J y , J^, t u ) satisfy 
the conservation laws, 



0, (2.14) 



~^V fc J fe + J^V.^-^V l A = 0. (2.15) 



III. COSMOLOGICAL MODELS 



The homogeneous and isotropic universe is described 



by, 



iV= 1, TV, = 0, gij = a 2 {t) lK 

, -2 



(3.1) 



where 7 y = dy(l + \kr 2 ) , with r 2 = x 2 + y 2 + z 2 , fc 
0. ■ 1 . As in Paper I, we use symbols with bars to denote 
the quantities of background. Using the U(l) gauge free- 
dom of Eq. (|1.8p . on the other hand, we can always set 



(p = 0. 



(3.2) 



Then, we find 





= -a 2 H 1 


n 


2kA 

= 




a 2 I 



k 2^k 2 12fi 2 k 3 



a 2 a 4 



, (3.3) 



where H = a/a, A = Q 2 g /2, and 
Pi 



3ff2 + 53 _ 9g4 + 3# 5 + ffe 

P2 = - 



£2 ' ^ ~~ £4 

Hence, we obtain 

C K = 3(l-3A)ff 2 , £ v = = £ x , 
3fc\ 



(3.4) 



C v =2A- 6 4 + ^ + 2 -^f. (3.5) 

a 2 a 4 a 6 v y 

It can be shown that the super-momentum constraint 
(|2.6p is satisfied identically for J 1 — 0, while the Hamil- 
tonian constraint (|2.5I) yields, 

-(3A-1JH +— = + — — + — —i ( 3 - 6 ) 



where J* = -2p. On the other hand, Eqs. (|2~8| and ((23 
give, respectively, 



i? A 



9 a 2 



8ttG 



^ - A g = AttGJa, 
a 2 



(3.7) 
(3.8) 



while the dynamical equation (|2. 1 1|) reduces to 



-{ 3X ^ 1 )- = — (P + 3P) + ^ A -— — 



a^ 1 

J ^ + 2 A b- A9 ' (3 - 9) 



where r 4j = pg iy 

The conservation law of momentum (|2.15l) is satisfied 
identically, while the one of energy (|2.14l) reduces to, 



p + 3H (p + p) = AJ V 



(3.10) 



It is interesting to note that the energy of matter is not 
conserved in general, due to its interaction with the gauge 
field A and the Newtonian pre-potential (p. This might 
have profound implications in cosmology. 



IV. COSMOLOGICAL PERTURBATIONS 

As in Papers I and II, when we consider perturbations, 
we turn to the conformal time r\, where rj = Jdt/a(t). 
Under this coordinate transformation, the gravitational 
and gauge fields transfer as, 



N = aN, N* = aN\ g rj 
A = aA, tp = (p, 



(4.1) 



where the quantities with tildes are the ones defined in 
the coordinates (t, x l ). With these in mind, we write the 
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linear scalar perturbations of the metric in terms of the 
conformal time rj as, 



where 



SN = a<f), SNi = a 2 B\ l , 
Sgij = -2a 2 (ipjij - E\ij), 
A = A + SA, tp = tp + Stp, 



A = aA, tp = tp, 



(4.2) 



(4.3) 



and A and (p are the gauge fields of the background, given 
in the last section in the (t,x l ) coordinates. Under the 
gauge transformations (jl.4j) . we find that 

B = 77 + £° - E = E — 
dip = 8<p-?<p', SA = SA-fA' -f'A, (4.4) 

where / = — £°, £ l = — £ j H = a' /a, and a prime 
denotes the ordinary derivative with respect to rj. Under 
the U(l) gauge transformations, on the other hand, we 
find that 



</> = </>, E = E, ip = ip, B = B 
Sip = 5p + e, SA = SA - e', 



(4.5) 



where e = —a. Then, the gauge transformations of the 
whole group U(l) x Diff(A7, F) will be the linear com- 
bination of the above two. Since we have six unknown 
and three arbitrary functions, the total number of the 
gauge-invariants of 17(1) K Diff(M, J") is TV = 6 - 3 = 3. 
These gauge-invariants can be constructed as, 



* = v - 

r = 5 a 



a — tp' 
1 

(a-pf 

H 



6 -^+H{B-E') + (B-E'y 



(p" -Hp') Sp + a(B-E') 



a — tp' 
a + 



Sp + a(B - E') 



^5p + a{A + ^(B-E>) 



(4.6) 



a — p' a — tp' 

Using the U(l) gauge freedom (|4.5p . we shall set 

Sip = 0. (4.7) 

This choice completely fixes the U(l) gauge. Then, con- 
sidering Eq. (|3.2p . we find that the above expressions re- 
duce to 

$ = <f> + H(B -E') + (B-E'Y, 
* = ip-H(B-E'), 

r = SA + \A(B - E')] ', (tp = S(p = 0). (4.8) 



The expressions for $ and \t now take precisely the same 
forms as those defined in Paper I, which are also identical 
to those given in GR [13] ■ In Papers I and II, the quasi- 
longitudinal gauge, 



= E, 



(4.9) 



was imposed. In this paper, we shall adopt this gauge 
for the metric perturbations, and the gauge of Eq. (14.7[) 
for the Newtonian pre-potential. We shall refer them as 
the "generalized" quasi-longitudinal gauge, or simply the 
quasi-longitudinal gauge. 

Then, to first-order the Hamiltonian and momentum 
constraints become, respectively, 



(v 2 +3fc) V 



2k 



2/3! , 6f3 2 k 3g 7 ^ 2 



\ a? 



+ 



C 4 a 4 



3k) ip 



AnGa S/j, 



(4.10) 



(3A - l)ip' - 2kB - (1 - A)V 2 77 = 8nGaq, (4.11) 



where Sjj, = — <5J*/2 and 8J l = a~ 2 q< 1 . On the other 
hand, the linearized equations (|2.8[) and (|2.9I) reduce, re- 
spectively, to 

(A ff -4) [v 2 B + 3(^' + 2HV) 
27/ r 

+ — V 2 V> + 3(2fc-a 2 A 9 U 
a z L v ' 

+ i-2^V 2 (v 2 77 + 3ip'^ = SirGaSJp, (4.12) 
V 2 ?/> -I- 3k^ = 2TrGa 2 SJ A . (4.13) 

The linearly perturbed dynamical equations can be di- 
vided into the trace and traceless parts. The trace part 
reads, 



2Hip' - F$ 



3(3A- 1) 



1 



3a(3A - 1 
2i 



2V -3k + 3A„a )SA 



»( 



V 2 + 6fc-3A„a 2 U 



3a(3A-l) v ' ' "'" " 9 



(4.14) 



where 

T 

Sr ij 
f\(ij) 



2a f . k 

1 



2^/fc 2 12/? 2 7 3 



hi 



(6V + 2pil>) 7 « + n |w > 



(4.15) 
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and SFij = V ;I X" Si with S(F a )ij given by 

Eq. (Al) in Paper I. The traceless part is given by 



(b 1 + 



SF, 



(ij) 



(ij) u 
= -8nGa 2 U 



- (s A - Aip) 



(4.16) 



To first order, the conservation laws f|2 . 14[) and (|2.15l) . 
on the other hand, take the forms, 



^d 3 x\ Sfj,' + m (ST + Sfi)-3{p + p) ip' 




J a) SA + A[a 3 (SA-3Aip) 




2a 



q' + 3Hq - aSV - y ( V z + 3k ) 11 



(V 2 + 3fc) 



1 



-J A 5A = 0, 



(4.18) 



where J a is given by Eq. (pL 

This completes the general description of linear scalar 
perturbations in the FRW background with any spatial 
curvature in the framework of the HMT setup with any 
given A, generalized recently by da Silva 20]. 



where d 2 = S ij didj. Eqs. (|4~T2]) and (|4T3l) reduce to, 



d 2 (d 2 B + Zip) = i>. 
d 2 ip = 0. 



(5.4) 
(5.5) 



Then, we have SF^ = —ip^j, and the trace and traceless 
parts of the dynamical equations reduce, respectively, to 

W^T) ^ + ^ = ' (5 - 6) 

B = 5A-ip. (5.7) 



It can be shown that Eqs. (|5.4l) and (|5 . 6[) are not inde- 
pendent, and can be obtained from Eqs. (|5.3[ ). (|5.5j) and 
(|5.7[) . Eq. ([5.5[) shows that ip is not propagating, and with 
proper boundary conditions, we can set ip = 0. Then, 
Eqs. (|5.3[) and (|5.7p show that B and 8 A are also not 
propagating, and shall also vanish with proper boundary 
conditions. Therefore, we finally obtain 



ip = B = SA = 0. 



(5.8) 



Thus, the scalar perturbations even with A =/= 1 vanish 
identically in the Minkowski background. Hence, the 
spin-0 graviton is eliminated in the da Silva generaliza- 
tion even for any given coupling constant A. 



V. STABILITY OF THE MINKOWSKI 
SPACETIME 

The stability of the maximal symmetric spacetimes 
in the da Silva generalization with A ^ 1 was consid- 
ered in [2(| with detailed balance condition. Since the 
Minkowski is not a solution of the theory when detailed 
balance condition is imposed, so the analysis given in [2(| 
does not include the case where the Minkowski spacetime 
is the background. However, for the potential given by 
Eq. (l2.4[) , the detailed balance condition is broken, and 
the Minkowski spacetime now is a solution of the theory. 
Therefore, in this section we study the stability of the 
Minkowski spacetime with any given A. The case with 
A = 1 was considered in Paper II, so in this section we 
consider only the case with A ^ 1. 

It is easy to show that the Minkowski spacetime, 

a=l, A = (p = k = 0, (5.1) 

is a solution of the da Silva generalization even with A 7^ 
1, provided that 

k g = A = J A = Jip = P = P = 0. (5.2) 

Then, the linearized Hamiltonian constraint (14. 10)) is sat- 
isfied identically, while the super-momentum constraint 
(gX[) yields, 

d2B= 3X-l^ (5 _ 3) 



VI. GHOST AND STRONG COUPLING 

To consider the ghost and strong coupling problems, 
we first note that they are closely related to the fact that 
A ^ 1. The parts that depend on A are the kinetic part, 
Ck , and the interaction part C\ (Kij , ip) between the ex- 
trinsic curvature Kij and the Newtonian pre-potenital ip. 
With the gauge choice ip = 0, we can see that the lat- 
ter vanishes identically. Then, it is sufficient to consider 
only the kinetic part S k, the IR terms R and A, and the 
source term S M 0,111 til, 

S IB = J dtd 3 xN^(c K +R-2A + £ M ) ■ (6.1) 

Second, the presence of matter is to produce non-zero 
perturbations. Otherwise, the spacetimes, to zero-order, 
are the maximally symmetric spacetimes. In these back- 
grounds, when matter is not present, the correspond- 
ing metric and gauge field perturbations, ip, B and SA, 
vanish identically, as shown in the last section for the 
Minkowski spacetime, and in 20] for the (anti-) de Sitter 
one. On the other hand, Cm does not depend on A, so 
it does not contribute to the strong coupling and ghost 
problems. Therefore, the only role that Cm plays here 
is to produce non-vanishing tp, B and SA. It is interest- 
ing to note that to study the strong coupling problem, 
in fl6| the authors assumed that the background metric 
has non- vanishing extrinsic and spatial curvatures in the 
scale L: Rij ~ \jh 2 and ~ 1/L, instead of non- 
vanishing ip and B assumed here as well as in [2^, [2t| . 
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But, the purposes are the same: to provide a environ- 
ment so that the strong coupling problem can manifest 
itself properly, if it exists. In the following, we shall con- 
sider two different kinds of gravitational fields: one rep- 
resents spacetimes in which the flat FRW universe with 
A = can be considered as their zero-order approxima- 
tions; and the other represents static weak gravitational 
fields, in which the Minkowski spacetime can be consid- 
ered as their zero-order approximations. 



A. Ghost-free Conditions 

In the flat FRW background, the quadratic part of Sir 
is given by [loj . 

= C 2 J dr)d 3 xa 2 S^ (l - 3 A) 3i// 2 + 

+ (1-A)(9 2 i?) 2 |. (6.2) 

Note that in writing the above expression, we had ignored 
the term, Cm, as it has no contributions to both the ghost 
and the strong problems, as mentioned above. Then, 
from the super- momentum constraint (14. lip , we find that 



d 2 B = 



3A 



1 



Substituting it into Eq. 



? (2) 



C 2 / d V d 3 xa 2 ^ ■ 



1 , 8irGaq 
~ 1-A ' 
we obtain 



4 



(6.3) 



2 (<9V>) 2 



,9A(3A-1)^ 2 + | 



(6.4) 



where 



1-A 
3A - V 



s ~ V3A - lq 

ip = aip i q= - _^ 1A , (6.5) 



inGa 



and 8 = —3(1 — A)/2. Thus, the ghost-free condition 
requires A < 0, or equivalently, 



i) A > 1, or it) A < 



1 



(6.6) 



which are precisely the conditions obtained in Paper I in 
the SVW setup [|. 

It should be noted that the conditions (I6.6[) also hold 
in the non-flat FRW backgrounds, as one can easily show 
by following the above arguments. 

In addition, the expression of S}^ given by Eq. (|6.2|) 
is the same as that given in [30j ] . but different from the 
one given in [3l| . After the typos of [3l| are corrected, it 
can be shown that, in contrast to their claims, the scalar 
modes are both ghost-free and stable in the ranges of A 
defined by Eq. (|6.6I) , when the matter field is a scalar and 
satisfies the scalar field equations. 



B. Strong Coupling Problem 

As mentioned previously, we shall consider two differ- 
ent kinds of spacetimes. In the following, let us consider 
them separately. 



Flat FRW Background 



In this case we adopt the gauge, 
N = a, Ni = a 2 e B d,B, g tJ = ^e'^S, 



(6.7) 



which reduces to the linear perturbations studied in the 
previous sections to the first order of ip and B. This 
gauge is slightly different from the one used in [l2l. l28l . l29l ]. 
Then, we find 



i?=^(2^-(^) 2 ), 



(6.8) 



and the kinetic action Sk is given by Eq. (|A.l[) . Hence, 
to the third-order of tp and B, we find that 



S$ = C 2 j dr]d 3 xa 2 ^ ^d 2 ip + (dip) 

+ |(3A - 1) (2V^' 2 + fifty V + 3-HV) 
+(3A-l)[2(^'+W)(^ fc B fc ) 
+ ip(2ip' + H^)d 2 B 
-2 [(3A - \)UB - (A - l)d 2 B] {t k B M ) 
-2(3A - 1) (0' + Hi/>) \b8 2 B + (dB) 2 
+U,kB,iB' kl + (4> + 2B) \b> u B m - X(d 2 B 
+(3A - \)UB\Bd 2 B + 2(dB) 

-2\{dB) 2 d 2 B + 2B> kl B, k Bj 



(6.9) 



Following p]l] , we first write the quadratic action (|6.4[) 
in its canonical form with order-one coupling constants, 
by using the coordinate transformations, 

i] = afj, x 1 = a\c^\x % , (6.10) 

and redefinitions of the canonical variables, 



M pl \c^/ 2 a' 
V2q 



(6.11) 



It must not be confused with the constant a used here 
and the one used in the previous sections for the U(l) 
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gauge generator. Then, from Eq. (|6.3l) we find that 
1 / 8nGag \_ B 



a 2 



^* + ^ - 



3A- 1 



(6.12) 



where %//* — di/i/dfj, H — a* /a. Inserting Eqs. (|6.10[) - 
(|6T2|) into Eq.(fBT5|). we obtain 



? (3) 1 

IR 2M„ 



1 -£l 3) 



■^-rC4 3) +4 3) 

11/2 \ 6 ^ *-7 



M 



1 M 3 ) 4- r< 3 ) 

15/2 V 8 9 



I " £(3)1 

10 J' 



3.13) 



where £^'s are given in Eq. (|A.4[) . Clearly, for any cho- 

sen a some of the coefficients of C\ s always become 
unbounded — » 0, that is, the corresponding theory 
is indeed plagued with the strong coupling problem. 
To study it further, let us consider the rescaling, 



V - 

4> 



-7i 



a 73 



1>, 



(6.14) 



Then, Sf), given by Eq. (|6.4[) is invariant for 71 = 72 — 
73 = 74/2 = 7- Without loss of generality, one can set 
7 = 1. For such a choice of 7, it can be shown that B is 
scale-invariant, 



B —> B. 



3.15) 



Then, in Sj 3 ^ of Eq. ([6.13p the first five terms are scal- 
ing as s 1 , and the sixth to ninth terms all scaling as s°, 
while the last term is scaling as s _1 . Thus, all the first 
five terms are irrelevant in the low energy limit, and di- 
verge in the UV, so they are all not renormalizable (22j. 
The sixth to ninth terms are marginal, and are strictly 
renormalizable, while the last term is relevant and su- 
perrenormalizable. This indicates that the perturbations 
break down when the coupling coefficients greatly exceed 
units. To calculate these coefficients, let us consider a 
process at the energy scale E. Then, we find that the 

(3) 

ten terms in the cubic action have, respectively, the 
magnitudes, (E, E, E, E, E, E°, E°, E°, E°, E~ x ), for ex- 
ample, 



dfid z xi>*(di$)(d l B) ~ E. 



3.16) 



Since the action is dimensionless, all the coefficients in 
(|6.13[) must have the dimensions E~ n % where n s — 
(1,1,1,1,1,0,0,0,0,-1), (s = 1,2, 3, ...,10). Writing 
them in the form, 



(6.17) 



where X s is a dimensionless parameter of order one, one 
finds that A s for s = 1, 2, 3, 4, 5, 10 are given by Eq. (IA.5l) . 
Translating it back to the coordinates 77 and x l , the en- 
ergy and momentum scales are given by 




At 



a 



A 



A, 



3.18) 



For s = 6,7, 8, 9, the coupling coefficients are given by 
Eq. (|A.6[) . From these expressions, one can see that the 
lowest scale of A^ and Aj's is given by 



A, 



A£ 



5 / 2 M„ 



(6.19) 



as — ¥ 0. For any process with energy higher than it, 
the corresponding coupling constants become larger than 
unit, and then the strong coupling problem rises. 

Thus, to be consistent with observations in the IR, A 
is required to be closed to its relativistic value \m = 1. 
On the other hand, to avoid the strong coupling problem, 
the above shows that it cannot be too closed to it. 



2. Static Weak Gravitational Fields 

When a static gravitational field produced by a source 
is weak, such as the solar system, one can treat the prob- 
lem as perturbations of the Minkowski spacetime. Since 
the Minkowski background is a particular case of the flat 
FRW spacetime, one can consider its perturbations still 
given by Eq. (|6.7|) but now with a = 1. Due to the pres- 
ence of matter, ip now is in general different from zero. 
Then, we find that 



0(2) _ r 2 



dtd 3 s 



2(<9V) ; 



(87rGg) 2 
A- 1 



where 



Setting 



SirG 



(6.20) 



(6.21) 



t = at, x = ax , 

= VgEBglj «,22) 



V2(c 



8nG(a 2 



we find that given by Eq. (16.201) takes its canonical 
form, 



S<i% = I did 3 x 



((&V) 2 -<f). (6.23) 
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On the other hand, we have 



? (3) 
'/ft 



where 



C / dtd 3 x{ 2tfj 



ipd 2 ip + (dip)' 



+(ip + 2B) 



B' kl B ki 



\{d 2 B) 



-2X(dB) d 2 B + 2B M B^ k B 



1 

~Mp~i 



did 3 a 



L< 3 > 



2L 



L 



(3) 



(3A- l)M 2 a 
2 



3A- 1 



3/2 r (3) 
^4 



(3) _ 



■p(d 2 ^) + (dip)' 



-(3) 



(3) _ 



£< 3) = B 



(d 2 B)(d k ^)(d k B), 
^[(BkdtB) 2 ~X(d 2 B) 2 
+4(d k ^)(d l B)(d k d l B) 
[(d^B) 2 -\(d 2 B) 2 
(d k B)(d l B)(d k diB), 



but now with 



(3) 



(6.24) 



- \(d 2 B) (56) 



3.25) 



changes. That is, this term is equally important at all 
energy scales. The strength of this term gives the lowest 
energy scale, — > 0. Therefore, now we have 



A, 



(6.29) 



It should be noted that, in the above we studied the 
strong coupling problem only in terms of ip. Then, one 
may argue that our above conclusions may be gauge- 
dependent. In the following, we shall show that this is 
not true. 

Let us first note that in the static case the gauge in- 
variant quantity ^> is precisely equal to ip, as one can see 
from Eq. (j4.8[) . Therefore, in this case the coupling in- 
deed becomes strong when E > M p i\cjf,\ 3 , even in terms 
of the gauge-invariant quantity. 

On the other hand, in the cosmological case, from 
Eqs. (|4.8[) and (|6.12[) we find that the gauge-invariant 
quantity 'J can be written as 



M p i\c^ 



1/2, 



where 



7 OlH 
1p + — 

d 2 



*($ + 5U#) - 



3A- 1 



(6.30) 



3.31) 



Since the lowest energy scale (|6.19[) is independent of a 
(as it should be), we can always choose a oc |c0| d , (d > 0), 
so that & ~ ip and "J ~ ip as — > 0. Then, one can 
repeat the analysis in terms of \t and i& and finds that 
the strong coupling problem exists even in terms of 
which is gauge-invariant. 



B 



B 



CMV3A^T 



3.26) 



Considering the rescaling (|6 . 14f) with i = i), we find 
that given by Eq. (|6.23j) is invariant, provided that 
73 = (71 + 72)/2 and 74 = (71 + 372 )/2. Without loss 
of generality, we can set 71 = 72 = 1, and then B scales 
exactly as that given by Eq. (|6.15[) , while the four terms 

in sfft of Eq. (|6.24j) scale, respectively, as a 1 , a 1 , s 1 and 
a . Then, following the analysis given between Eqs. (|6.17j) 
and ([6~T^|) . we find that A* = A^ for a = 1, 2, 3, where 



Ai 



2A^ 



and 



A£ = (3\-l)M pl \c^\ 2 , 



3/2 



3A- 1 



3.27) 



(6.28) 



Clearly, as A —> 1, the coupling also becomes strong. In 
particular, since the fourth term scales as s , its ampli- 
tude remain the same, as the energy scale of the system 



VII. CONCLUSIONS 

Recently, Horava and Melby- Thompson [l?} proposed 
a new version of the HL theory of gravity, in which the 
spin-0 graviton, appearing in all the previous versions of 
the HL theory, is eliminated by introducing a Newtonian 
pre-potential <p and a local U(l) gauge field A. Such a 
setup was orginally believed valid only for A = 1. How- 
ever, da Silva argued that the HMT setup can be easily 
generalized to the case with A 7^ 1. With such a general- 
ization, the three challenging questions, ghost, stability 
and strong coupling, all related with A ^ 1 and pla gued 
in most of the previous versions of the HL theory [6l Il5l| , 
rise again. 

In this paper, we addressed these issues, by first devel- 
oping the linear scalar perturbations of the FRW space- 
times for any given A in the da Silva generalization. In 
particular, in Sec. II we derived all the field equations 
and the corresponding conservation laws, while in Sec. 
Ill we studied the cosmological models of the FRW uni- 
verse with any given spatial curvature k. When J a = 0, 
from Eq. (|3.8[) we find that k = = A g , that is, the uni- 
verse must be flat. When the matter is described by a 
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scalar field, one can see that J a indeed vanishes. There- 
fore, in all the inflationary models described by a scalar 
field, the FRW universe is necessarily flat. Thus, the 
theory naturally gives rise to a flat FRW universe, which 
is consistent with all the observations carried out so far 

M 

Then, in Sec. IV we presented the general formulas for 
the linear scalar perturbations. By studying the general 
gauge transformations of U(l) K Diff(A/, J 7 ), we found 
that there are only three gauge-invaraint quantities, and 
constructed them explicitly, as given by Eq. (|4.8p . Ap- 
plying these formulas to the Minkowski background, in 
Sec. V we showed explicitly that the Minkowski space- 
time is stable, and the corresponding spin-0 graviton is 
eliminated by the gauge field even for A ^ 1. 

In Sec. VI, we considered the ghost and strong cou- 
pling problems. To study them, we need to consider the 
cases where the linear perturbations of the metric, de- 
scribed by -0 and B in the quasilongitudinal gauge (|4.9I) , 
are different from zero, so that these problems can man- 
ifest themselves, if they exist. One way to have non- 
vanishing ip and B is to assume that the spacetimes are 
not vacuum. In particular, taking the flat FRW universe 
as the background, we found that the ghost-free condi- 
tions are the same as these found in Paper I in the SVW 
setup, given explicitly by Eq. (|6.6p . In such backgrounds, 
we found that the strong coupling problem also shows 
up. In particular, for a process with energy E higher 
than |c^| 5 / 2 M p /, the corresponding coupling constants 
become much larger than unit, and then the strong cou- 
pling problem rises. In the static case, strong coupling 
problem also exists for E > |c^| 3 M p /. To resolve this 
problem, one way is to provoke the Vainshtein mecha- 
nism [14j . similar to what was done previously in spher- 
ical static spacetimes @ , as well as in cosmology [l2| , or 
use the BPS mechanism [12l. Il6|. 

The gauge field A and the Newtonian pre-potentail 
ip have no contributions to the vector and tensor per- 
turbations, so the results presented in [33| in the SVW 
setup can be equally applied to the da Silva generaliza- 
tion even with A ^ 1. In particular, it was shown that the 
vector perturbations vanish identically in the Minkowski 
background. Combining it with the result obtained in 
this paper, one can see that the only non-vanishing part 
is the tensor one. As a result, in the Minkowski back- 
ground the gravitational sector is still described only by 
the spin- 2 massless graviton even in the da Silva gener- 
alization (A 7^ 1). 

Finally, we would like to note that, although this new 
version of the HL theory has several attractive features 
and solves various important issues plagued in the previ- 
ous versions, many fundamental issues still need to be ad- 
dressed, before it is considered as a viable theory. These 
include the strong coupling problem found above, the RG 
flow, phenomenological constraints from the solar system 
tests, the couplings of matter fields to gravity, and so on. 
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Appendix: The kinetic action Sk 

For the metric given by Eq. (|6.7l) . it can be shown that 
the kinetic part of the action is given by 



( 2 J d V d 3 xa 2 ^(l~3\)(H-iP') 2 e-^ 

(//" • /»"/.")(/>'.., • /'•,/<'..,} 
- \(d 2 B+ (aB) 2 )]e 2B +^ 
-\(t k B, k fe 2B+ ^ 

-2(1 - A) [d 2 B + (dB) 2 ] (^ k B. k )e 2B+ ^ 
-2(1 - 3A) (% - V') [d 2 B + (8B) 2 

■ u-., /;.,(/;" + ir n ')< 2 " - ■' 



2{drl>) (8B) 2 + (^ k B ik ) 



2B+ifi 



, (A.l) 



from which we find that the quadratic part is given by 



C 2 / drjcfxa 2 j (l - 3A) 3ip' 2 + 18ft^' 



97 n -i 
2^d 2 B + y^ 2 V> 2 J + (1 - X)Bd 4 Bj.{A.2) 



? (2) 



This is different from the expression given by Eq. 
The reason is that, in the calculations of Eq. (l6.2p . the 
3-metric gij is approximated to the first-orders of ip and 
B, as one can see from Eq. (|4.2p . while g ij to their sec- 
ond orders (So does y^g). For detail, we refer readers to 
[34| . However, in the derivation of Eq. (|A.2p . we practi- 
cally expanded both g^ and g^ to second orders. It is 
interesting to note that this difference does not affect the 
super- momentum constraint (|6.3p , which can be also ob- 

(2) 

tained by the variation of S*}^ with respect to B. Since 
the B-terms in both expressions of Eqs. (l6.2p and (|A.2|) 
are the same, so is the resulting equation obtained by the 

(2) 

variation of S}^ with respect to B. 

Substituting Eq. (|Q|) into Eq.(|A~2|). we find that 



S 



(2) 

in 



C 2 J d V d 3 xa 2 ^ +s ^ 
27(3A-2)(3A- r 



2 7 '2 



H 2 4> 2 



2 (d$) 2 




where Sj 2 ^ = S^' + S^', and c^, ip and q are defined 
Acknowledgements: The authors thank Robert Bran- by Eq. (|6.5p but now with 5 = 9(A — l)/2. Then, we find 



,(2) 



,(2) 
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that the ghost-free conditions are the same as that given 
by Eq.(Hl|). 

One can show that the conclusions regarding to the 
strong coupling problem are also independent of the use 
of either the expression (TO) or for S^. 



Sj 3 ^ is given by Eg. (16.131) . where 
4 3) = ^(3A-l)a 35 [2^* + <W) 2 



4 3) = 2a' 



tf ] = (3A-l)a M 2f + + W (dd){d l B) 



2t/>* + (1 + 26)H4> (d 2 B) 



(3) 



2(3X-l)a s (d 2 B) (d^) (d l B) 



(3) _ „S 



A(d k d l B)(d k iP)(diB) + (d k d l B 



- X(B 2 B) 
(3) - 2(l-3A)o 4 [vi* + (l + 6)Ui> 
B(d 2 B) + (dB 



M3) 
r(3) 



5(3) 



Inserting Eqs. (|O0| - ([6~T2|) into Eq.flU]), we find that /s(3) = 

~ v 10 



2(l-3X)a 5 HB(B4) 
2B\{d k d l B) 2 - X(d 2 B 

2 ' 

(3A - 1)HB B(d 2 B) + 2(dB) 



{d k d l B)(d k B)(d l B) - X(dB)\d 2 B) 



(A.4) 



The coupling coefficients of these terms defined by 
Eq. flBTTD) for s = 1, 2, 3, 4, 5, 10 are given by 



Ai 



4JW„,q 



9(3A-l)|c^|3/' 



r, A 2 = M p; | Cv ,| 1/2 a, 



. 2M p ,|c v ,| 1 / 2 a M pi |^| 1/2 a 
A 3 = ^ ; ) A 4 



3A- 1 



A 5 = 2M pl \c^ 2 a, A 10 = j 3 X ^ . 



2\c^M p i 



We also have 



As — A? 



A 8 — Ag 



3A - 1 
1 

\c^l 2 M pl ' 



(A.6) 
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